. Let M be a closed spin manifold which supports a positive scalar curvature metric. The set of concordance classes of positive scalar curvature metrics on M forms an abelian group P(M) after fixing a positive scalar curvature metric. The group P(M) measures the size of the space of positive scalar curvature metrics on M. Weinberger and Yu gave a lower bound of the rank of P(M) in terms of the number of torsion elements of π 1 (M). In this paper, we give a sharper lower bound of the rank of P(M) by studying the image of the relative higher index map from P(M) to the real K-theory of the group C * -algebra C * r (π 1 (M)). We show that it rationally contains the image of the Baum-Connes assembly map up to a certain homological degree depending on the dimension of M. At the same time we obtain lower bounds for the positive scalar curvature bordism group by applying the higher rho-invariant.
I
Let M be a closed spin manifold. Suppose M carries a positive scalar curvature metric. The space of all positive scalar curvature metrics on M carries a non-trivial topology, and is in particular usually highly nonconnected. Similarly as in non-existence results for positive scalar curvature metrics, this non-triviality can be detected through the index theory of the spinor Dirac operator. This goes back to the secondary index of Hitchin [9] . Index theoretic methods around positive scalar curvature were later enriched by Rosenberg to take the K-theory of the C * -algebra of the fundamental group into account [12] .
A conceptual picture of the interplay between positive scalar curvature and the K-theory of group C * -algebras was established by way of mapping the positive scalar curvature bordism sequence of Stolz to the analytic surgery sequence, see Piazza and Schick [11] and Xie and Yu [18] , and compare Proposition 2.2 below. This involves two types of secondary index invariants -the relative higher index which lies in the K-theory of the group C * -algebra and distinguishes connected components in the space of positive scalar curvature metrics, and the higher rho-invariant that lies in the analytic structure group and distinguishes bordism classes of positive scalar curvature metrics. It is a folklore that the image of the higher relative index contains the image of the Baum-Connes assembly map for torsion-free groups, see for instance [13] . Recently, Ebert and Randal-Williams obtained such results 1 concerning higher homotopy groups of the space of positive scalar curvature metrics of manifolds with torsion-free fundamental groups [5] . However, no complete results for general groups with torsion have been established so far. In particular, since the Baum-Connes conjecture predicts that non-trivial higher rho-invariants only exist for groups with torsion, there have been only scarce methods for obtaining positive scalar curvature metrics which can be distinguished up to bordism. For instance, for finite groups the work of Botvinnik and Gilkey [4] yields such examples via a technique that is closely related to the higher rho-invariant. Moreover, following Stolz [14] , Weinberger and Yu introduced an abelian group structure, denoted by P(M), on the set of concordance classes of positive scalar curvature metrics on M [16] . The group P(M) is closely related to the R-group in the exact sequence of Stolz and measures some aspects of the size of the space of positive scalar curvature metrics on M. Weinberger and Yu then used the finite part of K-theory of the maximal group C * -algebra C * max (π 1 (M)) to give a lower bound of the rank of P(M) [16, Theorem 4.1] . It follows from considerations with the analytic surgery sequence that the elements in P(M) coming from the finite part not only yield different concordance classes but also different positive scalar curvature bordism classes (compare also [17] ). More recently, under the assumption that π 1 (M) satisfies the (rational) strong Novikov conjecture, Bárcenas and Zeidler [1] obtained a sharper lower bound by incorporating group homology classes of degree up to 2.
In this paper, under the same assumption that π 1 (M) satisfies (rational) strong Novikov conjecture, we shall prove an even sharper lower bound of the rank of P(M) by studying the image of the relative higher index map from P(M) to the K-theory of the reduced group C * -algebra C * r (π 1 (M)). Moreover, this new lower bound incorporates all homology classes up to the dimension of M. Therefore rationally the entire image of the Baum-Connes assembly map lies in the image of the relative higher index (if we allow the dimension of M to vary). This extends to full generality what previously has only been known for torsion-free groups. At the same time, we obtain lower bounds for the size of the image of the higher rho-invariant, and thereby establish a rich source of examples of positive scalar curvature metrics which can be distinguished up to bordism.
The methods in this paper work equally well for the maximal group C * -algebra. The maximal version will also give similar applications as the ones stated in the paper. For simplicity, we will only work with the reduced version throughout the paper. Now suppose M is a closed spin manifold of dimension n ≥ 5 with π 1 M = Γ. Then Stolz' R-group R spin n+1 (BΓ) (compare Section 2 below) acts freely and transitively on the set of concordance classes of positive scalar curvature metrics on M, which is denoted byπ 0 (R + (M)), see [14, Theorem 1.1] . In fact, the same holds if M is a compact spin manifold with boundary which admits a positive scalar curvature metric that is collared near the boundary. After choosing a base point g 0 ofπ 0 (R + (M)), there is a bijection between R spin n+1 (BΓ) andπ 0 (R + (M)). In particular, this bijection introduces an abelian group structure onπ 0 (R + (M)). In fact, it is not difficult to see that R spin n+1 (BΓ) is isomorphic to the group P(M) of Weinberger and Yu.
There is a relative higher index map
r (Γ)) by mapping g to the relative higher index Ind Γ (g, g 0 ), that is, the higher index of the Dirac operator on the cylinder M × R, where M × R is equipped with a Riemannian metric g t + dt 2 such that g t = g 0 for t ≤ 0 and g t = g for t ≥ 1. It follows from the relative higher index theorem that α is a group homomorphism. A lower bound for the rank of the image of α will also serve as a lower bound of the rank of P(M).
In order to estimate the size of the image of α, we introduce a new bordism group RΩ spin,Γ n+1 (E + , E − ) for each pair of proper Γ-spaces E − ⊆ E + . Roughly speaking, it is a hybrid of the Stolz' group R spin,Γ n+1 (E − ) and the equivariant spin bordism group Ω EΓ, EΓ → KO n+1 (C * r (Γ)). As a consequence, we are reduced to studying the image of Ind Γ : RΩ spin,Γ n+1 EΓ, EΓ → KO n+1 (C * r (Γ)). And one main theorem of the paper is to give a lower estimate of the image of this map. 
denotes the real version of the assembly map that features in the Baum-Connes conjecture [3] . Moreover, the equivariant real K-homology KO Γ p (EΓ) ⊗ C has been identified with k∈Z H p+4k (Γ; F 0 Γ) ⊕ H p−2+4k (Γ; F 1 Γ) via the equivariant delocalized Pontryagin character. We refer the reader to Section 3.1 for precise meaning of the notation. One key ingredient for the proof of the theorem above is the realization of (rational) KO-homology classes by spin Γ-manifolds with appropriate control over their dimensions.
As an application, our new lower bound for the rank of R spin n+1 (BΓ) = P(M) follows immediately from the theorem above. 
In the presence of upper bounds on the rational homological dimension and surjectivity of the Baum-Connes assembly map, our method yields surjectivity of the relative index map: Corollary 1.3. Let n ≥ 4 and the rational homological dimension of Γ be at most n − 3. Suppose that the real Baum-Connes assembly map for Γ is rationally surjective. Then the relative index map α : R spin n (BΓ) → KO n (C * r Γ) is rationally surjective. We refer the reader to Section 3 for various other consequences of the theorem. In particular, the same method will also yield a lower bound of the rank of the positive scalar curvature bordism group Pos spin n (EΓ) of Stolz by applying the higher rho-invariant map ρ : Pos spin n (EΓ) → S Γ n (EΓ). The paper is organized as follows. In Section 2, we introduce the hybrid bordism group of Stolz' R-group and the spin bordism group, and show that its higher index map factors through the relative higher index map. In Section 3, we show how to realize (rational) KO-homology classes by spin Γ-manifolds with appropriate control over their dimensions, then apply it to study the image of the higher index map on the hybrid bordism group introduced in Section 2. Finally, we apply these results to obtain a sharper lower bound of the rank of Stolz' R-group and the positive scalar curvature bordism group.
T
In this section, we review the equivariant version of the positive scalar curvature sequence of Stolz and introduce a new relative group that interpolates between the equivariant spin bordism group and the non-equivariant version of Stolz' R-group. This group is the main new conceptual tool developed in the present paper and will be used in the proof of our main results in Section 3.
Definition 2.1 (Compare [18, Section 5])
. Let Γ be a discrete group and E a proper Γ-space. Then we have an equivariant version of Stolz' positive scalar curvature seqence
which is defined in the same way as the standard sequence of Stolz [14] except for replacing compact spin manifolds with proper Γ-cocompact spin manifolds, and continuous maps by Γ-equivariant continuous maps, everywhere.
More precisely, Ω spin,Γ n (E) consists of Γ-equivariant spin bordism classes of pairs (M, φ), where M is a proper cocompact spin Γ-manifold without boundary and φ : M → E an equivariant continuous map. The group Pos spin,Γ n (E) consists of equivariant spin bordism classes of triples (M, φ, g), where (M, φ) is as before and g ∈ R + (M) Γ is a Γ-invariant metric of uniform positive scalar curvature. Here bordisms are required to be endowed with Γ-invariant metrics of uniform positive scalar curvature which are collared near the boundaries. Finally, R spin,Γ n+1 (E) consists of suitable equivariant bordism classes of triples (W, φ, g), where W is a proper cocompact spin Γ-manifold with boundary, φ : W → E an equivariant continuous map, and g ∈ R + (∂W) Γ a Γ-invariant metric of uniform positive scalar curvature at the boundary. The maps ∂, q and j are the evident forgetful maps.
Proposition 2.2 ([18, Theorem B]
, see also [11, 19, 20] ). There is a map of exact sequences mapping the equivariant positive scalar curvature sequence to analysis:
Here the bottom horizontal sequence is the real version of the analytic surgery sequence of Higson and Roe [6, 7, 8] , where S Γ * (E) denotes the analytic structure group.
The relevant case in the study of positive scalar curvature on closed manifolds with fundamental group Γ is E = EΓ. Therefore we are interested in studying the size of the image of α and ρ for E = EΓ. However, the Baum-Connes conjecture predicts that in order to understand KO * (C * r Γ), we need to consider E = EΓ instead. Thus our goal is to develop a method for lifting data from KO 
where N is a spin bordism between M and M -There exist maps S : V ∓ → E ∓ which restrict to σ ∓ σ ∓ and agree on N. -There exists a metric h ∈ R + (V + ) which is collared near the boundary and restricts to g g on W + W + .
Definition 2.4.
We define the following forgetful maps:
Remark 2.5 (Induction). Let E − ⊆ E + be a pair of G-spaces. Let ψ : G → Γ be a group homomorphism such that ker(ψ) acts freely on E + . Then there is an induction map
Proposition 2.6. Let E − ⊆ E + be a pair of proper Γ-spaces. Then we have a commutative diagram: Figure 1) . By construction, the positive scalar curvature metric g| M on ∂W − extends to the Γ-invariant positive scalar curvature metric g on W + . Moreover, the map (ι • σ − ) σ on W − W extends to a map on W × [0, 1] via (p, t) → σ(p). Thus we have constructed a bordism between (W, σ, ∅) and (W − , ι • σ − , g| M ) which witnesses that they represent the same element of R spin,Γ n (E + ). This proves i(ω(x)) = ι * (r(x)).
Remark 2.7. We will apply this construction to E − = EΓ and E + = EΓ, where we ensure that EΓ is a subspace of EΓ by passing to a mapping cylinder if necessary. In this case, R 
This shows that the composition of maps in the statement of the corollary factors through the relative index map α : R spin n (BΓ) → KO n (C * r Γ).
T
In this section, we prove our main results. We start by reviewing relevant material on the equivariant delocalized Chern character in Section 3.1. Then we collect statements for geometrically realizing (equivariant) KO-homology classes in Section 3.2. Finally, we put these ingredients together to lift equivariant KO-homology classes to the group RΩ spin,Γ * EΓ, EΓ which was defined in Section 2. From this we deduce new quantitative lower bounds on the rank of Stolz' groups R spin * (BΓ) and Pos spin * (BΓ). In particular, we thereby substantially extend earlier results from Botvinnik and Gilkey [4] and Bárcenas and Zeidler [1] .
3.1. Chern characters. If X is a space, there is the usual Chern character ch : K p (X) ⊗ Q − → k∈Z H p+2k (X; Q) for p ∈ {0, 1}. Precomposing this with complexification yields the Pontryagin character ph : KO p (X) ⊗ Q − → k∈Z H p+4k (X; Q) for p ∈ {0, 1, 2, 3} (using that real K-homology is rationally 4-periodic). In particular, if Γ is a group, we obtain the Pontryagin character for group homology ph : KO
Next we turn to the equivariant setting for proper actions. Let FΓ be the complex vector space generated freely by all the finite order elements in Γ. The action by conjugation of Γ on FΓ turns FΓ into a CΓ-module. The equivariant delocalized Chern character of Baum and Connes [2] yields an isomorphism
To use this for our purposes, we need a real version of it. We have that FΓ = F 0 Γ ⊕ F 1 Γ, where 
3.2. Geometric ingredients. Now we state the main ingredients for geometrically realizing KO-homology classes. The first is a folklore statement concerning rational homology:
Proposition 3.1. Let X be a space and n ≥ 0. Then H n (X; Q) is generated by Pontryagin characters of the spin fundamental classes of closed n-dimensional spin manifolds.
Proof. Consider framed bordism, that is, the bordism homology theory of stably parallelizable manifolds. The framed bordism groups of a point are isomorphic to the stable homotopy groups of spheres by the original Pontryagin-Thom isomorphism. In particular, the framed bordism homology rationally agrees with ordinary homology. So every rational homology class can be realized by a (stably) parallelizable manifold, which is in particular spin. Moreover, if M is a (stably) parallelizable manifold, then its Pontryagin classes must vanish except in degree 0. Hence the Pontryagin character of its spin fundamental class is the same as its homological fundamental class.
The next statement, due to Weinberger and Yu [16] , implies that rationally all information in equivariant KO-homology coming from the representation theory of finite cyclic groups can be realized by 4-and 6-dimensional equivariant spin manifolds. In the proof of our main result, we will need that the manifolds from Proposition 3.2 can be endowed with an invariant metric of positive scalar curvature in a small neighborhood of each fixed point. This can be achieved by way of torpedo metrics: 
with respect to the equivariant delocalized Pontryagin character.
Proof. By Matthey [10, Section 7] , KO Γ p (EΓ) ⊗ C is generated by the images of maps of the form
where Λ ⊆ Γ is a subgroup, γ ∈ Γ is an element of some finite order m which commutes with Λ, q ∈ {0, 1}, H = γ Z/mZ, and ψ : Λ × H → Γ is the homomorphism (λ, γ l ) → λγ l . Moreover, if x ∈ KO Λ p−2q (EΛ) with ph(x) ∈ H p−2q+4l (Λ; Q) for some l ∈ Z and y ∈ KO Z/mZ 2q (pt), then ph
This implies that H p+4l−2q (Γ; F q Γ) is generated by such elements.
Hence it suffices to show that for all Λ ⊆ Γ, γ ∈ Γ as in the previous paragraph and each q ∈ {0, 1}, l < k, the image of β •ω contains all ψ * (x × y) with ph(x) ∈ H p−2q+4l (Λ; Q) and y ∈ KO H 2q (pt). By Proposition 3.1, we may assume that there is a closed spin manifold M of dimension (p−2q +4l) and a map σ : M → BΛ withσ * [M] Λ KO = x, wherē M → M is the Λ-covering induced by σ. Furthermore, by Proposition 3.2, we can assume that there exists a closed H = Z/mZ-manifold N of dimension (4 + 2q), which is free except for a finite number of fixed points, such that y = p * [N] H KO , where p : N → pt. By the slice theorem, each fixed point a ∈ N H admits an H-invariant neighborhood which is equivariantly diffeomorphic to R 4+2q endowed with some orthogonal action of H. Thus we can find a disjoint family of embedded (4 + 2q)-disks (D a ) a∈N H in N such that the action is orthogonal on each disk and each fixed point a corresponds to the origin in D a . We let N + := a∈N H D a and define N − to be the complement of the interior of N + . Then N − is also H-invariant and N is the union of N − with N + glued along a finite collection of H-invariant (3 + 2q)-spheres. The H-action on N − is free since by construction all fixed points are contained in the interior of N + and the action on N is free outside the fixed point set. Thus there is an H-equivariant classifying map ν − : N − → EH. Since N + is a collection of disks with orthogonal actions, the map ν − | ∂N − extends over N + to an H-equivariant map ν + : N + → Cone(EH), where Cone(EH) denotes the cone over EH. Note that the latter is a model for the classifying space EH, and we will use this instead of the one-point space in the following.
Moreover, by choosing a torpedo metric (see Definition 3.3) on each disk D a we find an H-invariant positive scalar curvature metric g ∈ R + (N + ) which is collared near ∂N + . We can then choose a Λ-invariant Riemannian metric gM onM such that gM ⊕ g has uniform positive scalar curvature (by first finding an arbitrary Λ-invariant metric onM and rescaling it if necessary).
Let W ± be the cocompact Λ × H-spin manifoldM × N ± and let
If we apply the forgetful map ω from Definition 2.4, we obtain
EΛ × EH ,
Now consider the induction homomorphism (compare Remark 2.5)
Since the Γ-action is proper on Γ × ψ (EΛ × EH) and free on Γ × ψ (EΛ × EH), there is a map f : Γ × ψ (EΛ × EH, EΛ × EH) → (EΓ, EΓ). Then we set 
for each l < k and q ∈ {0, 1}. H 4l−2q+p (Γ; F q Γ).
Corollary 3.8. Let n ≥ 4 and the rational homological dimension of Γ be at most n − 3. Suppose that the real Baum-Connes assembly map for Γ is rationally surjective. Then the relative index map α : R spin n (BΓ) → KO n (C * r Γ) is rationally surjective. We also obtain consequences for the higher rho-invariant by simply applying the boundary maps in Stolz' positive scalar curvature sequence and the analytic surgery sequence of Higson and Roe, respectively. Thus we need to identify the part in equivariant group homology that goes to zero under the boundary map. To that end, let F He also wishes to thank Johannes Ebert for several helpful conversations.
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